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Abstract. A universal, systematic approach has led to the identification of such indicators as the speed of the
process of death and the development of forests. These forest indicators naturally depend on the type of trees in the
forest, their state of health, as well as the degree of environmental impact. In forestry, there is a single generalized
model of the growth and death of trees in the form of a growth model. The development model proposed by Von
Bertalanffy is also known in relation to any growth indicator, mainly the diameter of the tree. The article is devoted to
the issues of a systematic approach to the process of tree growth using the Bertalanffy growth model. The aim of the
study was to find a relationship between the diameter and height of trees at which the target functional, compiled on
the basis of the Bertalanffy model, reaches a maximum with some improvement. The improvement of the model is
carried out as follows: a generalized indicator P, defined as the product of the diameter and height of the tree, is
introduced for consideration. In general, this indicator determines the longitudinal section of trees and may be useful
in forestry. On the other hand, a similar indicator, the product of D? - H, is widely used in calculating biomass in trees,
which indicates that the introduced indicator is sufficiently informative. Some restrictive conditions are assumed for
the desired function of the relationship between the diameter and height of trees. To find the optimal ratio between
these two indicators, a target function containing the desired function is formed on the basis of the Bertalanffy model.
The problem of unconditional variational optimization is formulated and solved, as a result of which the optimal type
ofthe desired function is calculated at which the target functional reaches a maximum.
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AHHOTaUUsl. YHUBEPCAJIbHBIN CUCTEMHBIH MOJXO/] IIPUBEJ K BBIIEJICHUIO TAKHX TI0Ka3aTelei, Kak CKOPOCTH
Tniporiecca rudeny U pa3BUTHS JIECOB. YKa3aHHbIE [TOKAa3aTeNH Jieca eCTECTBEHHBIM 00pa30M 3aBUCAT OT THIIA JIePEBb-
€B B JIECY, COCTOSIHUS UX 3/I0POBBS, a TAKXKE OT CTEIIEHH BO3JICHCTBHS OKpYKaroliel cpensl. B necoBenennu cyie-
CTBYET e/inHasi 0000IIEeHHAs! MOZIENb POCTa M THOENN AepPeBbeB B BHIE MOJENN pocTa. Takke U3BeCcTHa MOJIEh
pasButHs npemsiokenHas @on bepranandu, NpUMEHUTETHHO K KAKOMY-THOO ITOKA3aTeN0 pocTa, MpeUMyIIe-
CTBEHHO K Auamerpy aepeBa. CTaThs MOCBAIIEHa BOPOCAM CHCTEMHOTO MOJX0/a K IPOIIECCY POCcTa JIEPEBbEB C
npuMeHeHueM mMozenu pocra bepranandgu. Lenbro ucciemoBaHus SBISIICS HAXOKISHNE TAKOI B3aMOCBSI3U MEX-
Jly TUaMEeTPOM H BBICOTOW JIepEBbEB, IPH KOTOPOH 1ETIEBOM (PYHKIIMOHAJI, COCTaBIIEHHBIN Ha 0a3e Mozaenu bepra-
naHddu, ¢ HEKOTOPBIM YCOBEPIIEHCTBOBAHMEM JOCTUTaET MAKCUMYMa. YCOBEPILIEHCTBOBAHUE MOJIENIN OCYIIIECTB-
JIEHO CIIe/IyIoInM 00pa3oM. BBeneHo Ha paccMoTpeHne 0000IEHHBIH ToKa3arenb P, onpeesieMblil B KauecTBe
MIPOU3BEJICHHS JMaMeTpa 1 BHICOTHI iepeBa. B 11es1oM 3TOT 1okasartels OnpeielisieT MPo0IbHOE CEYEHHE 1ePEBbEB
1 MOJKET OKa3aThCsI TOJIE3HBIM B JIECOTEXHUYECKOM X03stiicTBe. C Ipyroii CTOPOHBIL, ITOX0XKUH ITOKa3aTeb-IIPOH3Be-
nenvie D? + H NIAPOKO MCTIONB3YETCs TP BHIYKMCICHHUSX OHOMACCHI B IEPEBBX, UTO YKAa3bIBACT JOCTATOUHYIO HH(OP-
MaTHBHOCTh BBEIEHHOTO IT0Ka3aTesisi, IPUHUMAETCSl HEKOTOPOE OrPaHUYUTEIBHOTO YCIOBUSI Ha HCKOMYIO (DyHK-
LU0 B3aMMOCBSI3H IMAMETPA M BBICOTHI JIepeBbeB. J{J1s1 HAXOXKACHHS ONTUMAIBHOTO COOTHOIIEHUSI MEX Ty STHMHU
JIBYMsI TIOKa3aTelisiMU Ha 0aze monenu beprananddu chopmMupoBaH 11e71eBOi QyHKIIMOHAT, COIep KAINUN UCKO-
Mmyto ¢yHkiuo. CocraBieHa 1 pelieHa 3ajiada 6e3ycIoBHOW BapHallMOHHON ONTHMH3AIMHY, B PE3yIIbTaTe Yero
BBIUMCIIEHA ONITUMANIBHBIN BHJ UCKOMOH (DYyHKITUH, TIPY KOTOPOI1 LIeJIeBOH (DYHKIMOHAJ TOCTUTAEeT MaKCUMyMa.

Karouessble cioBa: monens beprananddu, ontiMuzanys, CHCTEMHBIN MOAXO0, IUaMETp TTOIEPEeYHOro ceve-
HUSL, BEICOTA JIepeBa.

HutupoBanue. Cyneitmanos T. U., AcanoB X. I, Taxma3zor T. M. CucteMHBINH OAXO0A K MOAEIH pOCTa
JIepeBhEB B Jiecy Ha OCHOBe ypaBHeHus beprananddu // [Tpuponusie cucremsl u pecypebl. —2023. —T. 13, Ne 3. —
C. 21-26.—DOI: https://doi.org/10.15688/nsr.jvolsu.2023.3.3

BBenenue. IloHsiTHE CHUCTEMBI MPOUYHO dganm _ kD, )
BOIIUIO BO BCE C(pephbl YCIIOBEUCCKON ICATEIb- dt
HOCTH, B TOM uHuclie B HayKy. Ha maHHbId MoO- T7ie ¢ — BO3pPAcT AepeBa; 1, k, m — mapaMeTpsl MOJIEINH,
MEHT CHCTEMa HE€ TOJIBLKO BBICTYIIACT TEOPETH- IOCTOAHHBIC BETTHINHEL.

YCCKHUM aCIICKTOM, HO M CTaHOBHTCS IJIaBHBIM

3JIEMEHTOM B HEKOTOPBIX 00JIACTIX MPUKIAIHON
Hayku. CHCTEMHBIN MOJXOA K MPOIleccy pa3BU-
THUA JICCOB IMPHUBCIO K BBIJACICHUIO TAKHUX ITOKa-
3aTernel pa3BUTHS JIECOB KAK CKOPOCTH IMpoIiec-
ca rubenu W pa3BuTHs (POCTa) JIECOB. YKa3aH-
HBIC MTOKAa3aTeNu Jieca eCTECTBEHHBIM 00pa3oM
3aBUCAT OT TUIIA AE€PEBLEB B JICCY, COCTOAHUA UX
3/10pOBbS U BO3JIEUCTBYIOIIEN OKpYKaIOIIEen cpe-
1wl [1; 5; 6; 8]. BMecTe ¢ Tem cyiecTByeT enu-
Has 0000IICHHAsI MOJIEIb POCTa M THOCH Aepe-
BBEB B BHJE [2]:

m(D) =y - g(D)—g'(D) (1)
e g'(D) = %; g(D) — gynkuus pocra quamerpa

nepesa; m(D) — GyHKIWS THOCTH AUaMETpa IepeBa;
D — nuamerp nepesa.

Taroke cymiecTByeT MOJEIb pocTa, Mpen-
noxenHas ®on beprananddu, npuMeHUTETHHO
K KakoMy-JIH0O IMokasareiao pa3sutus y [10].
[IpuMeHHUTENBPHO K AUAMETPY JepeBa MOJETh
®on beprananddu nmeer Bua:

—_— )

BmecTe ¢ TeM nuamerp IepeBbEB HE SIB-
JISIeTCsl AMHCTBEHHBIM TJIaBEHCTBYIOLINM I1apa-
METpPOM, MOKAa3bIBAIOIIUM CTENEHb Pa3BUTHS
nepeBbeB. He MeHee BaKHBIM aJuIOMETpHYEC-
KM TIOKa3aTeleM Ipoliecca pocTa JIepeBbeB
SIBJISIETCS BBICOTa JiepeBbeB. Ilpu 3TOM Mexmy
MOKa3aTeNsIMH TUaMeTpa JepeBhEB M UX BBICO-
TOW CYILECTBYET ONpEAETIeHHAas CBSI3b.

Kak otmeuaercs B [7], TpaIuIMOHHO YKa-
3aHHas B3aMMOCBS3b MOJIEIUPYETCs TNHEHHBI-
MH ypaBHEHHsAMHU. B kadecTBe mpumepa Ha
pucyHke 1,a,b mpuBeaeHBI CKATTEPOrPAMMEI,
KOTOpBIE MOTYT OBITh AIIMIPOKCUMHUPOBAHBI JTHU-
HEMHBIMU U HEITMHEWHBIMHU PErPECCUOHHBIMU
YpaBHEHUSIMHU.

OtMeTrM BO MHOTHX paboTax (CM. Halpu-
Mep [4; 7]) TpUBOIATCS CIIOKHBIC KCIIOHCHITH-
aJbHBIE PETPECCHOHHbIE YpaBHEHHS 3aBUCUMOC-
™ h = f{D). BMecTe ¢ TeM cyiiecTByoT pado-
ThI, B KOTOPBIX HCCIIeOBaHa oOpaTHas 3aBUCH-
MOCTb, TO €CTh PErPECCHOHHAsI CBS3b:

D= g(h). 3)
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Puc. 1. CxareporpaMMbl CTaTUYECKON 3aBUCUMOCTH /1 0T D:
a — almImpOKCUMHUPOBAHHBIC HCJIMHCHHBIMHU PETPECCUOHHBIMU YPABHCHUAMMU
b — alllIPpOKCUMHUPOBAHHBIC HEJIMHCHHBIMHU PErpE€CCHOHHBIMHN YPAaBHECHUAMU

Tlpumeuanue. Vicrounux: [7].

Hanpumep, cornacHo padore [3], Takasi cta-
THCTHUYECKAs CBSI3b MOXKET OBITh OXapaKTepu-
30BaHa KBa3WJIMHEHMHBIM PErPECCUOHHBIM YpaB-
HenueM (puc. 2).

C yueroM BBIIIEU3I0KEHHOTO B HACTOSIIIECH
CTaThe CTAaBUTCA 3a1a4a BIYUCIICHUA HaHJ'Iy‘-IIHeﬁ
CBSI3U MEXIY YKa3aHHBIMU IIapaMeTpaMu C IIpU-
BieueHneM mozenu pocta JI.®. Beprananddu.

MaTepH aJIbl U METOAbI

Beenem Ha paccMoTpeHHe 00OOIICHHBIH
rokasareib P, onpenenseMblil Kak
P=D-H. )

B nenom mokasatens (4) onpenenser mpo-
JIeTbHOE CEYEHUE JIEPEBbEB M MOXKET OKa3aThb-

Cs TOJIE3HBIM B JIECOTEXHHMUECKOM XO3SMCTBE.
C apyroit cToponsl, mpousseneaue D? - H miu-

D o

POKO UCTIONB3YETCsI IPH BHIYHCIICHBSIX OHOMac-
Chl B JIePEBbSIX, YTO YKa3bIBA€T JOCTATOYHYIO
WH(OPMATUBHOCTh BBEJCHHOTO MOKasartens P.
B sToM cnywyae nns nokasatens P MOXHO Ha-
nucath Mojaeias bepranadou:

dP
— =nP" —kP.
dt g

Bwmecte ¢ Tem ¢ yuerom (4) numeem:

©)

dP—dD-H+D~d—H.

Ll 6
i dt dt ©

OKBUBAJIEHTHAs CTCIEHb Ba>KHOCTH ITOKa-
3areneid P, D, H TpuBOJAUT K MBICIHA O TOM, 4YTO
MPOIIECC POCTAa MOXKET OBITh HMCCIEAOBAH C HC-

dD
MOJIb30BAHUEM COCTaBIISIIOMIUX | — |- H uam

(dj -D B3ameH @ Jlanee ast onpeneneHHoCT!
¢ dt
BBIOEpEM TEPBYIO COCTABISIONIYIO, TO €CTh

0 ©0

20

20 40 0

H

Puc. 2. KBasunmHeiiHas perpecCHOHHast JIMHUS B3auMocBs3u D = ¢(h)

Tlpumeuanue. Vicrounux: [3].
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dD
K :(dt)H. B atom ciyuae ¢ yuerom (2) u (6)
MTOJTYYHUM:

H_(‘zt)j:H.n.Dm—H-kD. %)

OueBuzHo, uTo (7) IOBTOpPSIET MOziENb bep-
tananhdu (2). Jlanee aBTopamu npeaaraercs
CIICAYIOIIeE YCOBEPIIICHCTBOBAHUE ITON MOJICIIH

1. YuutsiBaeM cBsi3b Mexay D u H B BUze

yHKpm:
D=D(H).

2. K Beibopy pynkuun D(H) Hanaraercs
HEKOTOPOE OTPAHUUYUTEIIBHOE YCIOBHE, 103BO-
JSI01Iee HECKOJIBKO Cy3UTh IPOCTPAHCTBO HE-
NPEePBIBHBIX ABAXIBl AU ]epeHIupyeMbIX

GyHKIUH.
YKa3zaHHOE OrpaHUYEHHUE UMEET BUL:

IOH-W D(H)dH = C;C = const. ®)

Ha ocnose (7) chopmupyem (yHKIIMOHAT
OIITUMH3AIlUU B BUJIC:

'[OH ..... [ HnD(H)" - H -kD(H) | dH. ©

C yuerom (8) u (9) chopMupyeM HOJHBIH
¢dyHkumoHan F 6e3ycioBHON BapualHOHHO# o1~
TUMM3AIIN:

i LH [ HyDQHY" ~ H -kD(H) |dH +

" ).[ e BT C} (10)

0

e A — MHOXUTENh Jlarpamka.

Pemenne 3amaun (10) B COOTBETCTBUU C
MeTonoM Dilnepa NOMKHA YHAOBJIETBOPUTH Cle-
JYIOILEMY YCIOBUIO:

d{HnD(H)" ~ H -kD(H )+ AD(H)} o (1)
d[D(H)] '

W3 ycnosus (11) momyunm:
mHnD(H)"" — Hk + 2. =0. (12)

U3 (12) nonygaem:

24

D(H) = WI/ IZ‘H_:. (13)

CornacHo oleHKaM, MpUBENEHHBIM [9], s
MHOTHX BUJIOB JiepeBbeB m << 1. CieoBaTeNnbHO,
BeIpaxkeHHe (13) MoxkeT OBbITh TPEICTABICHO KakK:

D(H) =( (14)

mHn jmll
Hk-2)

Kak Bunno u3 Beipaxkenus (14) poct H B on-
THMAJbHOM CITy4ae JOJDKEH IPUBECTH K YMEHb-
HIEHUIO D, 4TO BIIOJHE COOTBETCTBYET OOBIYHBIM
MIPECTaBIEHUSIM O TPOIIECCE POCTa JIEPEBHEB.

Pe3yJ’ILTaTbI u 06cym21eﬂne

UYro kacaercsi caMoro OLEHUBAEMOI0 IIPo-
1ecca, To €CTh B JaHHOM Cllydae HHTEerpalbHOM
BEJTMYHHBI:

Hmax
€= j " kdH, (15)

TO 3Ta BeMM4YMHA NpHu pemeHuu (14) mocrturaer
MaKCHMyMa, TaK KaK MOBTOpHAas MPOU3BOIHAS
(12) mo uckomoit GyHKIIH OKa3bIBACTCS OTPHUIIA-
TEIbHON BeNMUYMHON. J1J1s BBIUMCIICHN S 3HAYEHU ST
MHOXHTeNs Jlarpanka A cleyer BCTaBUTh BbI-
paxenue (14) B orpaHnunuTeNnbHOE yciaoBue (8)
Y, OCYIIECTBUB MHTETPUPOBAHUE, BBHIYUCIUTH
BEJIMYUHY A.

Crnemyer OTMETUTh, YTO (AKT yMEHBIIIe-
HUsl QYHKIIMK pocTa MPH YBEINYCHUH AUaMeTpa
JiepeBa B TOMOT€HHBIX JIECaX XOpOIIO U3BECTHO.
B kxauecTBe mpumepa Ha pUCYHKE 3 TIPUBEICHbI
KpUBBIE 3aBUCHMOCTH KOJIMYECTBA JEPEBHEB OT
nuaMerpa 3THX JepeBbeB [2].

[IpoBenenHoe nccnenoBanye Nokas3ano, YTo
MPUHSITHIH OOIIIHI TOKA3aTeNb PA3BUTHS IIPU ITOM
OKa3bIBAETCS IKCTPEMAJIBHON BETUYUHOM, IKCT-
pPEMyM KOTOpPOW 3aBUCHT OT THUIIa B3aUMOCBS3U
JraMerpa JIepeBbeB U mapaMeTpoB Mojenu OoH
Beprananddu.

3akjaoyenue

Lenbio vccaenqoBaHus ABISIOCH HAXOXKIe-
HUE€ TakoW B3aMMOCBSA3HM MEXIY AUAMETPOM U
BBICOTOH JIEPEBBEB, MPH KOTOPOH 1eNIeBOM (QyHK-
IMOHAJ, COCTaBJIICHHBIN Ha 0a3ze mojenu bepra-
naH(p U, ¢ HEKOTOPHIM YCOBEPIIICHCTBOBAHHEM
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Puc. 3. KpI/IBLIe 3aBUCUMOCTH KOJIMYECTBA ICPEBLEB OT INAMETPa 3TUX NC€PEBLEB

Ipumeuanue. KpuBble coCTaBIeHBI U1 LIECTH Pa3HBIX JIECHBIX y4acTKoB. McTounuk: [2].

JIOCTHIaeT MaKCHMyMa. YCOBEPIICHCTBOBaHHUE
monenu beprananddu Britouaer:

1. HanoskeHre MHTErpaabHOTO OrpaHuYH-
TEJIBHOI'0 YCJIOBHSI Ha HCKOMYIO (DYHKITHIO 3aBH-
CHUMOCTH JHaMeTpa OT BBICOTHI JICPERBE.

2. ®opmupoBaHue Ha 6aze Mojenu bepra-
nanp du 1eeBoro GyHKIMOHANA, COACPIKAIIETO
HCKOMYIO (DYHKIIHIO.

3. CocraBiieHue U pelIeHUe 3a1a4u 0e3yc-
JIOBHOW BapualmoHHOW ontuMu3annn. Haxoxne-
HUE ONTUMAJIbHON HCKOMOH (hYHKITHH.
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